We consider a driven quantum particle in the strong friction regime described by the quantum Smoluchowski equation. We show that Crooks and Jarzynski like relations hold when the entropy production is properly generalized to take into account the non-Gibbsian character of the equilibrium distribution. We further propose a Josephson junction experiment that would allow to investigate nonequilibrium entropy fluctuations in overdamped quantum systems.
Thermodynamic processes at the nanoscale are governed by both thermal and quantum fluctuations. It has lately been recognized that for classical nanosystems the second law of thermodynamics has to be generalized in order to include effects induced by thermal fluctuations. Thermal fluctuations are usually vanishingly small in macroscopic systems and are therefore neglected in the traditional formulation of thermodynamics [1] . These generalizations of the second law take the form of fluctuation theorems that quantify the occurrence of negative fluctuations of quantities like work, heat and entropy [2, 3] . A remarkable property of these new thermodynamic identities is their general validity arbitrary far from equilibrium. An important example of a fluctuation theorem is the one derived by Crooks, relating the probability distributions of work, ρ F (W ) and ρ R (W ), along forward and reversed transformations of a system [4] ,
Here ∆F is the free energy difference between final and initial states of the system. Equation (1) indicates that large negative work fluctuations are exponentially suppressed and hence not observable in macroscopic systems. In its integrated form, the Crooks relation reduces to an equality previously obtained by Jarzynski [5] ,
connecting the equilibrium free energy difference ∆F to the nonequilibrium work W . In the above equation the average ... is taken over the forward work distribution.
It is important to realize that Eqs. (1) and (2) only apply for systems that are initially in an equilibrium Gibbs state. Extensions of these expressions for different nonequilibrium initial distributions have been introduced by Hatano and Sasa [6] and by Seifert [7] . Fluctuation theorems have been investigated experimentally in various nonequilibrium situations [8, 9, 10, 11, 12, 13] , the canonical example consisting of a highly damped Brownian particle in a driven potential. Due to the experimental and theoretical importance of the strongly damped regime, the overdamped Langevin equation and the equivalent Smoluchowski equation have become the tool of choice for the analysis of classical fluctuation theorems.
In this paper, we derive quantum extensions of the classical Crooks and Jarzynski relations, Eqs. (1) and (2), in the strong friction regime. Previous studies on isolated or weakly damped quantum systems can be found in Refs. [14] . In the following, we use the quantum generalization of the Smoluchowski equation to treat both thermal and quantum fluctuations [15, 16, 17] . Besides the known classical expression for the entropy production, we identify an additional contribution induced by quantum fluctuations. We further propose a Josephson junction experiment that would allow to test our predictions.
Quantum Smoluchowski equation. In the limit of high friction, the off-diagonal matrix elements x|ρ(t)|x ′ of the system density operator in the position representation are strongly suppressed over a time scale of the order of 1/γ, where γ is the friction coefficient. As a result, a coarse-grained description of the dynamics of the system in terms of the diagonal part of the position distribution alone, p(x, t) = x|ρ(t)|x , becomes possible. In this semiclassical picture, the quantum system follows a classical trajectory and quantum effects manifest themselves through quantum fluctuations that act in addition to the thermal fluctuations induced by the heat bath. A notable advantage of this description is that the usual classical definitions of work and heat are valid, in contrast to the full quantum regime [18] . The quantum Smoluchowski equation can be written as [15, 16, 17] ,
where V ′ (x) is the derivative of the external potential with respect to position and β the inverse temperature. The effective diffusion coefficient D e (x) is given by,
with the parameter 
where N is the normalization constant. The above equilibrium expression is in general non-Gibbsian when λ = 0. This observation indicates that the Crooks and Jarzynski relations cannot hold unmodified in the quantum regime and that proper generalizations are needed.
The quantum Smoluchowski equation (3) with the effective diffusion coefficient (4) is valid in the range of parameters, γ/ω 2 0 ≫ β, 1/γ, γ ≫ 1/β and |λβV ′′ (x)| < 1, where ω 0 is a characteristic frequency of the system [15, 16, 17] . In the present analysis, we assume that the quantum Smoluchowski equation is valid for time-dependent problems when the potential V (x, α t ) is driven by some external parameter α t = α(t), that is, the non-diagonal elements of the density operator of the driven system remain negligibly small at all times.
Quantum fluctuation theorems. We now derive extensions of the Crooks and Jarzynski relations, Eqs. (1) and (2), by using a path integral representation of the solution of the quantum Smoluchowski equation following Ref. [19] . For the sake of generality, we consider a generic driven Fokker-Planck equation, with position-dependent drift and diffusion coefficients D 1 and D 2 , of the form,
where the linear operator L α is given by,
The quantum Smoluchowski equation (3) corresponds to the particular choice
For any fixed value of the driving parameter α, we write the stationary solution of Eq. (7) as,
where the function ϕ(x, α) is explicitly given by
We denote by X = {x} +τ −τ a trajectory of the system that starts at t = −τ and ends at t = +τ . We further define a forward process α 
with a similar expression for the reversed process. The prefactor in Eq. (11), which depends on the final value u τ , is essential in nonlinear systems to guaranty that thermodynamic potentials are independent of the state representation [20] . In Eq. (11) the generalized Onsager-Machlup function S (x t ,ẋ t , α) is taken to be of the form [21] ,
By assuming that the system is initially in an equilibrium state given by the solution (9) of the Fokker-Planck equation, we obtain that the net probability of observing the trajectory X for the forward process is
In complete analogy, we find that the corresponding unconditional probability for the reversed process reads
where we have introduced the time-reversed trajectory,
We next compare the probability of having the trajectory X during the forward process with that of having the trajectory X † during the reversed process. We have
where we have defined the conjugate Onsager-Machlup function, S † x t ,ẋ t , α
The ratio of the conditional probabilities (11) and (15) is simply determined by the difference of S and S † . Using the definition (12), we thus obtain,
(16) The ratio of the forward and reversed probabilities, Eqs. (13) and (14), follows directly as,
where
By using the explicit expression (10) of the stationary solution ϕ(x, α), we finally arrive at
We are now in the position to derive generalized fluctuation theorems for stochastic processes described by the generic Fokker-Planck equation (7). We begin by defining the generalized entropy production Σ as,
(20) The first term in Eq. (20) is similar to the entropy production introduced by Hatano and Sasa for systems initially in a nonequilibrium steady state [6] . In the present situation, however, it corresponds to a non-Gibbsian equilibrium state. The second and third term, on the other hand, find their origin in the position dependence of the diffusion coefficient and vanish for constant D 2 . We note in addition that the entropy production as defined in Eq. (20) is odd under time-reversal,
. The distribution of the entropy production, ρ F (Σ), for an ensemble of realizations of forward processes can then be defined as,
where we have used Eq. (19) in the last line. Here DX denotes the product of integrals over all possible paths X. The continuous integral in Eq. (21) is interpreted as the limit of a discrete sum in the Stratonovich sense. Equation (21) can be recast in the form of a generalized Crooks relation for the entropy production,
By moreover integrating Eq. (22) over Σ, we obtain an extended version of the Jarzynski equality,
For the case of the quantum Smoluchowski equation (3), the generalized entropy production (20) reads,
Expression (24) for the entropy production, together with the fluctuation theorems (22) and (23), constitutes our main result. Combined, they represent the quantum generalizations of the Crooks and Jarzynski equalities, Eqs. (1) and (2), in the limit of strong damping. The first term in Eq. (24) is analogous to the classical entropy produced when the system is driven out of equilibrium when α t is varied in time. By contrast, the second and third terms are induced by quantum fluctuations and vanish in the classical limit λ = 0. In the latter case, ϕ(u) = β(V (u) − F (α)) and the entropy takes the familiar form, Σ = β dt ∂V (u t )/∂αα F t − β∆F . We note that the total entropy production is zero for undriven systems, in agreement with detailed balance (the nontrivial prefactor in Eq. (11) is paramount to obtain this result). The inequality Σ ≥ 0 implied by Eq. (23) is often interpreted as an expression of the second law.
Experimental verification in Josephson junctions. No experimental investigation of quantum fluctuation theorems has been performed so far. A scheme to study the Crooks and Jarzynski relations in isolated and weakly damped quantum systems using modulated ion traps has recently been put forward in Ref. [22] . Here we propose to test the predictions for the quantum fluctuation theorems, (22) and (23), in the strong damping limit using Josephson junctions [23] . The Josephson relations for the current I s (t) across the junction and the phase difference φ(t) between left and right superconductors are
where U (t) is the voltage drop across the junction. The maximal current I c is given by I c = (2e/ ) E J , where E J is the coupling energy (Josephson energy). An externally shunted Josephson junction can be described via an equivalent circuit consisting of an ideal junction, a capacitance C and a resistance R (Resistively Shunted Junction (RSJ) model) [23] . In this model, the Josephson junction is interpreted as describing the diffusive motion of a particle with position φ(t) and mass m = ( /2e) 2 C, the friction coefficient being given by γ = 1/RC. An important quantity in the RSJ model is the dimensionless capacitance (Stewart-McCumber parameter), β c = (2π/Φ 0 ) I c R 2 C, where Φ 0 = h/2e is the magnetic flux quantum. In the overdamped regime, β c < 1, the dynamics of the Josephson phase φ can be described by the quantum Smoluchowski equation (3) with the potential V (φ) = −E J cos (φ) − E I φ [24] . The energy E I = ( /2e)I is determined by the bias current I and the effective diffusion coefficient (4) reads,
The constant Θ = λβE J is the crucial parameter which governs the magnitude of quantum effects in a Josephson junction. It is directly proportional to the quantum parameter λ, Eq. (5), which in the context of the RSJ model can be reexpressed as,
where E c = 2e 2 /C is the charging energy, ρ = R/R Q the dimensionless resistance and R Q = /4e 2 the resistance quantum. In Tab. I we list typical parameter values for niobium-based Josephson junctions. By varying the value of the resistance, both the classical, Θ ≪ 1, and the quantum regime, Θ ≫ 1, can be realized.
The nonequilibrium entropy production (24) can be experimentally determined in a Josephson junction by applying the following measurement procedure. The phase φ can be directly deduced from a measurement of the Josephson current once the current-phase relation of the junction has been determined [25] . The system is then first prepared in a given initial state and let to relax to its stationary state (6) . After the latter has been attained, the Josephson potential V (φ) is modified according to a specific driving protocol α t with the help of an external magnetic field. The entropy production Σ during such a protocol (corresponding to either a forward or reversed transformation) can be evaluated via Eq. (24) from the recorded values of the current. The distribution function of the entropy can eventually be reconstructed by repeating the above measurement sequence and the validity of the quantum fluctuation theorems (22) and (23) in the strong friction regime can be tested.
Conclusion. We have analyzed quantum fluctuation theorems in the strong coupling limit with the help of the quantum Smoluchowski equation. We have shown that the Crooks and Jarzynski relations remain valid in this regime when the entropy production is properly generalized to take into account the non-Gibbsian property of the equilibrium state. We have moreover proposed a Josephson junction experiment that would enable to study quantum nonequilibrium entropy fluctuations in overdamped systems.
